Structure of digraphs associated with quadratic congruences with composite moduli  by Somer, Lawrence & Křížek, Michal
Discrete Mathematics 306 (2006) 2174–2185
www.elsevier.com/locate/disc
Structure of digraphs associated with quadratic congruences with
composite moduli
Lawrence Somera, Michal Krˇížekb
aDepartment of Mathematics, Catholic University of America, Washington, DC 20064, USA
bMathematical Institute, Academy of Sciences, Žitná 25, CZ-11567 Prague 1, Czech Republic
Received 26 March 2004; received in revised form 23 November 2005; accepted 9 December 2005
Available online 17 July 2006
Abstract
We assign to each positive integer n a digraph G(n) whose set of vertices is H = {0, 1, . . . , n − 1} and for which there exists
a directed edge from a ∈ H to b ∈ H if a2 ≡ b(mod n). Associated with G(n) are two disjoint subdigraphs: G1(n) and G2(n)
whose union is G(n). The vertices of G1(n) correspond to those residues which are relatively prime to n. The structure of G1(n) is
well understood. In this paper, we investigate in detail the structure of G2(n).
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1. Introduction
This paper extends results given in the works [1] by Bryant, [4,5] by Chassé, [9,12] by Krˇížek and Somer, [13] by
Szalay (motivated by [7,10]), and [11] by Rogers, which provide an interesting connection between number theory,
graph theory and group theory. In the paper [13], Szalay investigated properties of the iteration digraph representing a
dynamical system occurring in number theory. Each natural number has a speciﬁc iteration digraph corresponding to
it. We will investigate structural characteristics of these iteration diagraphs.
For n1 let
H = {0, 1, . . . , n − 1}
and let f be a map of H into itself. The iteration digraph of f is a directed graph whose vertices are elements of H and
such that there exists exactly one directed edge from x to f (x) for all x ∈ H . For each x ∈ H let f (x) be the remainder
of x2 modulo n, i.e.,
f (x) ∈ H and x2 ≡ f (x) (mod n). (1.1)
From here on, whenever we refer to the iteration digraph of f , we assume that the mapping f is as given in (1.1),
see Fig. 1.
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Fig. 1. The iteration digraph corresponding to n = 8.
Fig. 2. The iteration digraph corresponding to n = 11.
For standard references concerning graphs and digraphs see [3,6].
We identify the vertex a of H with its residue modulo n. For brevity we will make statements such as gcd(a, n) = 1,
treating the vertex a as a number. Moreover, when we refer, for instance, to the vertex a2, we identify it with the
remainder f (a) given by (1.1).
For a particular value of n, we denote the iteration digraph of f by G(n). It is obvious that G(n) with n vertices also
has exactly n directed edges.
Let (n) denote the number of distinct primes dividing n and let the prime power factorization of n be given by
n =
r∏
i=1
p
ki
i , (1.2)
where p1 <p2 < · · ·<pr are primes and ki > 0, i.e., r = (n). For n = 1 we set (1) = 0.
A component of the iteration digraph is a subdiagraph which is a maximal connected subgraph of the associated
nondirected graph. When n is a prime, Rogers [11] describes completely the structure of each component of G(n).
The indegree of a vertex a ∈ H of G(n), denoted by indegn(a), is the number of directed edges coming into a, and
the outdegree of a is the number of directed edges leaving the vertex a. For simplicity, the subscript n will be omitted
from now on. By the deﬁnition of f, the outdegree of each vertex of G(n) is equal to 1.
Let C be a component of G(n). It is clear that each component has a unique cycle, since each vertex of the component
has outdegree 1 and the component has only a ﬁnite number of vertices. Let us call a cycle of length 1 a ﬁxed point.
For an isolated ﬁxed point, the indegree and outdegree are both equal to 1. We have the following proposition.
Proposition 1.1. Each component has exactly one cycle, i.e., the number of components of G(n) is equal to the number
of its cycles.
Remark 1.2. We note that Proposition 1.1 is a general property of the iteration digraph of any mapping F : H → H .
The cycles of length t are said to be t-cycles. All cycles are assumed to be oriented counterclockwise (see Fig. 2
for n = 11).
The distance from a vertex a ∈ H to a cycle is the length of the directed path from a to a vertex in the cycle.
Further, we specify two particular subdigraphs of G(n). Let G1(n) be the induced subdigraph of G(n) on the set of
vertices which are coprime to n and G2(n) be the induced subdigraph on the remaining vertices not coprime with n.
We observe that G1(n) and G2(n) are disjoint and that G(n) = G1(n) ∪ G2(n), that is, no edge goes between G1(n)
and G2(n). For example, the second component of Fig. 3 is G1(12), whereas the remaining three components make
up G2(12). It is clear that 0 is always a ﬁxed point of G2(n). If n> 1 then 1 and n − 1 are always vertices of G1(n).
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Fig. 3. The iteration digraph corresponding to n = 12.
The structure of G1(n) is quite regular and well understood. (See [12]. See also [11] for the case in which n is a
prime.) Here, we investigate in detail the structure of G2(n).
2. Properties of the Carmichael lambda-function
Before proceeding further, we need to review some properties of the Carmichael lambda-function (n), which was
ﬁrst deﬁned in 1912 (see [2]) and which modiﬁes the Euler totient function (n).
Deﬁnition 2.1. Let n be a positive integer. Then the Carmichael lambda-function (n) is deﬁned as follows:
(1) = 1 = (1),
(2) = 1 = (2),
(4) = 2 = (4),
(2k) = 2k−2 = 12 (2k) for k3,
(pk) = (p − 1)pk−1 = (pk) for any odd prime p and k1,
(pk11 p
k2
2 · · ·pkrr ) = lcm
[
(pk11 ), (p
k2
2 ), . . . , (p
kr
r )
]
,
where p1, p2, . . . , pr are distinct primes and ki1 for all i ∈ {1, . . . , r}.
It immediately follows from Deﬁnition 2.1 that
(n) | (n)
for all n and that (n) = (n) if and only if n ∈ {1, 2, 4, qk, 2qk}, where q is an odd prime and k1.
The following theoremgeneralizes thewell-knownEuler’s theoremwhich says (see [8, p. 20]) that a(n) ≡ 1 (mod n)
if and only if gcd(a, n) = 1. It shows that (n) is a universal order modulo n.
Theorem 2.2 (Carmichael). Let a, n ∈ N. Then
a(n) ≡ 1 (mod n)
if and only if gcd(a, n) = 1. Moreover, there exists an integer g such that
ordng = (n),
where ordng denotes the multiplicative order of g modulo n.
For the proof see [2,8, p. 21].
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3. Main results
Our principal result will be Theorem 3.1, from which we will derive a number of consequences.
Theorem 3.1. Let n have the factorization given in (1.2). There exists a cycle of length t in G(n) if and only if t =ordd2
for some odd positive divisor d of (n). If a is an element of a cycle, then pkii | a whenever pi | a. Furthermore, if a
and b lie on the same cycle, then pi | a if and only if pi | b. Moreover, if a is an element of a t-cycle, then ordn′a = d,
where n′ = n/ gcd(a, n), d is odd, and ordd2 = t . In addition, if b is on the same t-cycle as a, then ordn′b = ordn′a,
where n′ is deﬁned as before.
Proof. We ﬁrst treat the case in which t = 1. Noting that G(n) contains the ﬁxed point 0 and ordd2 = 1 when d = 1,
we see that the ﬁrst assertion in Theorem 3.1 holds. Further, assume that a is a ﬁxed point of G(n). Then
a2 − a = a(a − 1) ≡ 0 (mod n).
Since gcd(a, a−1)=1, it follows that if pi | a then pkii | a. Since a ≡ 0 (mod gcd(a, n)), we see that a ≡ 1 (mod n′).
Then ordn′a = d = 1 and ordd2 = t = 1.
Now let t > 0. Note that a is a vertex of a t-cycle in G(n) if and only if t is the least positive integer such that
a2
t ≡ a (mod n). (3.1)
Moreover, congruence (3.1) holds if and only if t is the least positive integer for which
a2
t − a ≡ a(a2t−1 − 1) ≡ 0 (mod n). (3.2)
Since gcd(a, a2t−1 − 1) = 1, it follows from (3.2) that if n1 = gcd(a, n) and n′ = n/n1, then t is the least positive
integer such that
a ≡ 0 (mod n1),
a2
t−1 ≡ 1 (mod n′), (3.3)
and therefore gcd(n1, n′) = 1. It now follows from the ﬁrst congruence of (3.3) that if a lies on a cycle of G(n), then
p
ki
i | a whenever pi | a.
Now suppose that a and b are in the same t-cycle of G(n). Then
b ≡ a2i (mod n) and a ≡ b2t−i (mod n) (3.4)
for some i ∈ {1, . . . , t}. We see from (3.4) that pi | a if and only if pi | b.
Let a be an element of a cycle of length t in G(n). From the second congruence in (3.3), we see that gcd(a, n′) = 1.
Let d = ordn′a. By the second congruence in (3.3), d | 2t − 1. Since t is the least positive integer for which d | 2t − 1,
we obtain that t = ordd2. Clearly, d is odd as d | 2t − 1. Moreover, d | (n′) by Carmichael’s Theorem 2.2. Since
(n′) | (n) by the deﬁnition of the function  and the fact that n′ | n, we see that d | (n) also. Noting that gcd(d, 2i )=1
for i0, we derive from (3.4) that ordn′a = ordn′b if a and b lie on the same cycle in G(n).
Conversely, suppose that d is an odd positive divisor of (n) and let t = ordd 2. We show that there exists a t-cycle in
G(n). By Carmichael’s Theorem 2.2, there exists a residue g modulo n such that ordng = (n). Let h = g(n)/d . Then
ordnh = d. Since d | 2t − 1 but d2k − 1 whenever 1k < t , we see that t is the least positive integer for which
h2
t−1 ≡ 1 (mod n). (3.5)
Since, by (3.5),
h · h2t−1 = h2t ≡ h (mod n),
if follows that h is a vertex in a t-cycle of G(n). 
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Corollary 3.2 given below follows immediately from the proof of Theorem 3.1.A proof of Corollary 3.2 is also given
in Theorem 3.4 of [12].
Corollary 3.2. (a) The subdigraph G1(n) contains a t-cycle if and only if there exists a positive odd integer d such
that t = ordd2 and d | (n).
(b) If there exists a t-cycle in G(n), then there exists a t-cycle in G1(n).
Theorem 3.3 complements Corollary 3.2.
Theorem 3.3. Let At(G1(n)) and At(G2(n)) denote the number of t-cycles in G1(n) and G2(n), respectively. If n is
a positive integer, then A1(G1(n))= 1 and A1(G2(n))= 2(n) − 1. Moreover, there exist integers t, m1, and m2, each
greater than 1, such that At(G1(m1))>At(G2(m1))> 0, while At(G2(m2))>At(G1(m2))> 0.
Proof. The ﬁrst assertions about A1(G1(n)) and A1(G2(n)) are proved in [12, Theorem 3.4] and follow from results
in [13].
Now let M = 2t − 1 be a Mersenne prime, where t is an odd prime. By Dirichlet’s theorem on the inﬁnitude of
primes in arithmetic progressions, there exists distinct primes p1, p2, . . . , pk such that k4, M|pi − 1 for i ∈ {1, 2},
and Mpi − 1 for i ∈ {3, 4, . . . , k}. Let m1 = p1p2 and m2 = p1p3p4 . . . pk . By results of Szalay [13] and also by the
proof of Theorem 3.1, it follows that
At(G1(m1)) = M
2 − 1
t
,
whereas
At(G2(m1)) = 2(M − 1)
t
<
(M + 1)(M − 1)
t
= M
2 − 1
t
.
We further obtain in a similar way that
At(G2(m2)) = (M − 1)(2
k−2 − 1)
t
,
while
At(G1(m2)) = M − 1
t
<At(G2(m2)). 
Corollary 3.4 is the analogue of Corollary 3.2 for G2(n).
Corollary 3.4. Let n have the factorization given in (1.2). The subdigraph G2(n) contains a t-cycle if and only if there
exist a positive odd integer d and i ∈ {1, . . . , r} such that t = ordd2 and d | ( n
p
ki
i
).
Proof. Since G2(n) contains the ﬁxed point 0 and ordd2 = 1 when d = 1, the result follows when t = 1.
We now assume that t > 1. Let a be an element of a t-cycle in G2(n). Let n1 =gcd(a, n) and n′ =n/n1. Then n1 > 1.
Moreover, gcd(n1, n′) = gcd(a, n′) = 1 by the proof of Theorem 3.1. Hence,
n′
∣∣∣∣∣ npkii
for some i ∈ {1, 2, . . . , r}. Thus,
(n′)
∣∣∣∣∣
(
n
p
ki
i
)
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by the property of the Carmichael lambda-function. Let d = ordn′a. Then d | (n′) by Theorem 2.2, which implies that
d
∣∣∣∣∣
(
n
p
ki
i
)
.
By the proof of Theorem 3.1, we also have that d is odd and ordd2 = t .
Conversely, suppose that d is an odd positive divisor of (n/pkii ) for some i ∈ {1, 2, . . . , r}. Let t = ordd2. We show
that there exists a t-cycle in G2(n). Let n′′ = n/pkii . By Theorem 2.2, there exists a residue g modulo n′′ such that
ordn′′g = (n′′). Let
h = g(n′ ′)/d .
Then ordn′′g = d. Observing that d | 2t − 1, but d2k − 1 for 1k < t , we ﬁnd that t is the least positive integer for
which
h2
t−1 ≡ 1 (mod n′′). (3.6)
By the Chinese remainder theorem, we can ﬁnd an integer a such that
a ≡ 0 (modpkii ),
a ≡ h (mod n′′). (3.7)
Then by (3.6) and (3.7), we see that
a2
t − a ≡ a(a2t−1 − 1) ≡ 0 (mod n).
Since t is the least positive integer for which
a2
t−1 ≡ 1 (mod n′′)
by (3.6) and (3.7), we obtain that a is an element of a t-cycle in G2(n). 
Recall that a Fermat prime is a number of the form 22m + 1 for m a nonnegative integer.
Corollary 3.5. Suppose that n is a prime or a prime power. Suppose further that for each positive integer t, G1(n) has
a t-cycle if and only if G2(n) has a t-cycle. Then n = 2k for k1 or n is a Fermat prime.
Proof. Since 0 and 1 are ﬁxed points of G(n), both G1(n) and G2(n) have a cycle of length 1. By the deﬁnition of
G2(n), the only cycle in G2(n) is the ﬁxed point 0.
Now suppose that n is not a Fermat prime or a number of the form 2k for k1. If n = pi , where p is an odd prime
and i2, then p | (n). Let t = ordp2. Then t > 1 and G1(n) has a t-cycle by Corollary 3.2. If n = p, where the odd
prime p is not a Fermat prime, then (p) = p − 1 and p − 1 has an odd prime divisor q. If t = ordq2, then t > 1 and
G1(n) again has a t-cycle which is not in G2(n).
We ﬁnally suppose that n is a Fermat prime or n = 2k , where k1. Then (n) = 2i , where i0. By Corollary 3.2,
the only cycles in G1(n) are of length 1. The result now follows. 
Fig. 2 (with n= 11) gives an example in which (n)= 1 and G1(n) has a t-cycle, but G2(n) does not have a t-cycle
for t = 4. Figs. 4 (with n = 5 and 17) and 1 (with n = 8) provide examples in which (n) = 1 and both G1(n) and
G2(n) only have t-cycles for t = 1.
The next remark gives an instance in which G1(n) has a t-cycle but G2(n) does not have a t-cycle when (n) = 2.
Remark 3.6. By inspection, we ﬁnd that the least positive integer n for which (n)2 and there exists a positive
integer t for which G1(n) has a t-cycle, but G2(n) does not have a t-cycle, is n = 203 = 7 · 29. In this case G1(203)
has a 6-cycle, whereas G2(203) does not have a 6-cycle. Note that (203) = 22 · 3 · 7 and 21 | (203). However,
21(7) = 2 · 3 and 21(29) = 22 · 7. Moreover, ord212 = 6, whereas ord32 = 2 and ord72 = 3.
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Fig. 4. Binary graphs corresponding to Fermat primes.
Theorems 3.7 and 3.9 given below count the number of t-cycles in G1(n) and G2(n), respectively. Their proofs
follow from Theorem 3.1 upon observing that each t-cycle in G(n) has t distinct vertices.
Theorem 3.7. Let At(G1(n)) denote the number of t-cycles in G1(n). Let N(n, d) denote the number of positive
integers mn such that d = ordnm. Then
At(G1(n)) = 1
t
∑
N(n, d), (3.8)
where the summation is taken over all positive odd integers d such that d | (n) and t = ordd2.
Remark 3.8. For general n and d, there is a systematic but rather complicated procedure for calculating N(n, d) and
At(G1(n)). Szalay [13] has given an explicit formula for the number of t-cycles in G(n) when d =2t −1 is a Mersenne
prime.
Theorem 3.9. Let At(G2(n)) denote the number of t-cycles in G2(n). Then
A2(G2(n)) = 1
t
∑
N(n′, d ′), (3.9)
where the summation is over all positive integers n′ <n such that n′ | n and gcd(n/n′, n′) = 1, and for a given n′ the
number d ′ varies over all positive odd integers for which d ′ | (n′) and t = ordd ′2.
Theorem 3.10 determines the distance from any vertex in G(n) to the unique cycle in its component.
Theorem 3.10. Let a ∈ {1, . . . , n} be an integer such that
a = b
r∏
i=1
p
i
i , (3.10)
where the primes pi are given in (1.2), i0, and gcd(b, n) = 1. For i = 1, . . . , r deﬁne mi by
mi =
{0 if i = 0,
ki if 1iki,
i if i > ki.
(3.11)
Let
n′ =
r∏
i=1
p
ki−min(mi ,ki )
i . (3.12)
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Suppose that ordn′a = 2cd , where gcd(2, d) = 1. Let t = ordd2. Then the component of G(n) containing the vertex a
has a unique cycle, which is of length t. Moreover, the distance of the vertex a to this cycle is equal to
max
(
max
1 i r
(⌈
log2
mi
i
⌉)
, c
)
, (3.13)
where we deﬁne mi/i = 1 if mi = i = 0.
Proof. Let C be the component of G(n) containing the vertex a. Let w ∈ {1, 2, . . . , n} be the vertex in the unique
cycle of C which is of least distance j0 from a. We identify the vertex n with the vertex 0. Then by (3.10)
w ≡ a2j ≡ b2j
r∏
i=1
p
i2j
i (mod n).
By Theorem 3.1, pkii | w whenever pi |a. Thus, for each i ∈ {1, 2, . . . , r} such that pi | a, we have that
i2j ki , (3.14)
which implies that
j
⌈
log2
ki
i
⌉
(3.15)
for these values of i. If pi a, then clearly pi w. It now follows that
j max
1 i r
(⌈
log2
mi
i
⌉)
. (3.16)
From the observations that pkii | w whenever pi | a and pi w if pi a, we obtain that n′ = n/ gcd(w, n) and
gcd(n/n′, n′) = gcd(w, n′) = 1. Let e = ordn′w. Since w is on a t-cycle, it follows from Theorem 3.1 that e is odd
and t = orde2. Note that if 0 i < c, then ordn′a2i = 2c−id. Since gcd(2i , d) = 1 for i0, we see that if ic, then
ordn′a2
i = d. Thus
jc, (3.17)
e = ordn′w = ordn′a2j = d , (3.18)
and
t = ordd2. (3.19)
Noting that w is the vertex on the t-cycle closest to a, our result now follows from (3.16), (3.17), and (3.19). 
We have the following immediate corollary of Theorem 3.10.
Corollary 3.11. If a ∈ G1(n), then the distance from a to the cycle in its component is equal to 2(ordna), where
2(m) stands for the integer j such that 2j‖m; this means 2j | m but 2j+1m.
Theorem 3.12. For each component of G1(n), the maximum distance from a vertex in the component to the unique
cycle of the component is equal to 2((n)).
This is proved in Theorem 4.4 of [12].
Remark 3.13. Let w be an element of G1(n) of maximum distance h to the cycle in its component. By Theorem 3.12,
if n = 1 or 2, then h = 0 and w is the ﬁxed point 1 of indegree 1. If n> 2, then w lies outside of the cycle in C, and
consequently has indegree 0.
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Theorem 3.14. Let n> 1 and n be deﬁned as in (1.2). Let e be the maximum value of 2((n′)), where n′ varies over
all positive integers such that n′ <n, n′ | n, and gcd(n/n′, n′) = 1. Let h equal the maximum distance from a vertex in
G2(n) to the cycle in its component. Then
h = max
(
max
1 i r
(log2 ki), e
)
. (3.20)
Proof. Let a ∈ {1, 2, . . . , n} be a vertex in component C of G2(n) and let g be the distance from a to the cycle in C.
Let
a = b
r∏
i=1
p
i
i ,
where the primes pi are given in (1.2), i0, i1 for at least one i ∈ {1, 2, . . . , r}, and gcd(b, n) = 1. As usual we
identify the vertex n with the vertex 0. Let mi be deﬁned as in (3.11) and let n′ be deﬁned as in (3.12). Then n′ <n and
gcd(n/n′, n′) = gcd(a, n′) = 1. Let ordn′a = 2cd , where gcd(2, d) = 1. Then by (3.13),
g = max
(
max
1 i r
(⌈
log2
mi
i
⌉)
, c
)
. (3.21)
From the deﬁnition of mi ,
max
1 i r
(⌈
log2
mi
i
⌉)
 max
1 i r
(log2ki). (3.22)
It follows from the deﬁnition of n′ and from Theorem 2.2 that
ce. (3.23)
Thus, by (3.21), (3.22), and (3.23),
g max
(
max
1 i r
(log2 ki), e
)
. (3.24)
Therefore, Eq. (3.20) will be established if we can ﬁnd vertices in G2(n) whose distances from the unique cycles in
their components are equal to max1 i rlog2 ki and e, respectively.
Consider the cycle containing the ﬁxed point
n =
r∏
i=1
p
ki
i .
Then p1p2 . . . pr is in the same component as n and its distance from the ﬁxed point n is equal to max1 i rlog2 ki.
Let n′ <n be a positive integer such that n′ | n and gcd(n/n′, n′) = 1. By Theorem 2.2, we can ﬁnd an integer a1
such that
2(ordn′a1) = 2((n′)). (3.25)
By the Chinese remainder theorem we can further ﬁnd an integer a2 ∈ G2(n) such that
a2 ≡ 0
(
mod
n
n′
)
, a2 ≡ a1 (mod n′). (3.26)
From (3.13), (3.25), and (3.26), we see that the distance from a2 to the cycle in its component is equal to
2(ordn′a2) = 2((n′)). (3.27)
Our results now follows upon ﬁnding the value of n′ for which 2((n′)) is a maximum. 
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Remark 3.15. Let a be a vertex in G2(n) of the maximum possible distance h from the cycle in its component. We
note that if n = pk , where p is a prime and k1, then h = log2 k. If n is square-free, then h = e, where e is deﬁned
as in Theorem 3.14. Moreover, if n is a prime, then a is the ﬁxed point 0 of indegree 1 and h = 0. If n is not a prime
then a lies outside the cycle in its component and a has indegree 0.
The next theorem generalizes our main result from [9].
Theorem 3.16. The distance from any vertex in G1(n) of indegree 0 to the cycle in its component is equal to a ﬁxed
positive integer q if and only if n is of the form
n = 2k0
s∏
i=1
q
ci
i , (3.28)
where k0 ∈ {0, 1}, s1, ci1 for i = 1, . . . , s, and qi is an odd prime such that qi ≡ 2q + 1 (mod 2q+1) for
i ∈ {1, . . . , s}; or q = 1 and n is of the form
n = 2k0
s∏
i=1
q
ci
i , (3.29)
where k0 ∈ {2, 3}, s0, ci1 for i = 1, . . . , s, and qi ≡ 3 (mod 4) for i = 1, . . . , s. It is understood that the product
in (3.29) is equal to 2k0 if s = 0.
Proof. We can assume that n> 2, since G(1) and G(2) have no vertices of indegree 0. Let
n = 2k0
s∏
i=1
q
ci
i , (3.30)
where k00, s0, ci1, and qi is an odd prime for i = 1, 2, . . . , s. We let Q0 = 2k0 and Qi = qcii for i = 1, 2, . . . , s.
We note that (Z/Qi)∗ is a cyclic group of order (Qi)= (qi − 1)qci−1i for i = 1, 2, . . . , s, where (Z/Qi)∗ denotes the
group of residues modulo Qi which are relatively prime to Qi .
We now show that if the distance of each vertex of indegree 0 in G1(n) to the cycle in its component is equal to
a ﬁxed integer q, then n is of the form given in (3.28) or (3.29). First assume that there exist integers e and f such
that 1e <f s, 2k‖(qe − 1) and 2‖(qf − 1), where k 
= . Then 2k‖(Qe) and 2‖(Qf ). Let ge be a generator
of (Z/Qe)∗ and let gf be a generator of (Z/Qf )∗. Then ge and gf are quadratic nonresidues modulo Qe and Qf ,
respectively. By the Chinese remainder theorem, we can ﬁnd integers a1, a2 ∈ {0, 1, . . . , n − 1} such that
a1 ≡ 1 (modQ0),
a1 ≡ 1 (modQi) for i ∈ {1, . . . , s}, i 
= e,
a1 ≡ ge (modQe), (3.31)
and
a2 ≡ 1 (modQ0),
a2 ≡ 1 (modQi) for i ∈ {1, . . . , s}, i 
= f ,
a2 ≡ gf (modQf ). (3.32)
Then a1 and a2 are quadratic nonresiduesmodulo n and thus, both have indegree 0.However, 2(ordna1)=2((Qe))=k,
whereas 2(ordna2)= 2((Qf ))= . By Corollary 3.11, we see that the distance from a1 and a2 to the cycles in their
components are k and , respectively, contradicting our assumption.
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Next assume that k04. Then 2(ordQ05) = 2k0−2 modulo Q0, whereas 2(ordQ0n − 1) = 2. Note that both 5
and n − 1 are quadratic nonresidues modulo Q0. Again, using the Chinese remainder theorem, we can ﬁnd residues
a3, a4 ∈ {0, 1, . . . , n − 1} such that
a3 ≡ 5 (modQ0), a3 ≡ 1 (modQi) for i ∈ {1, . . . , s}, (3.33)
and
a4 ≡ n − 1 (modQ0), a4 ≡ 1 (modQi) for i ∈ {1, . . . , s}. (3.34)
Then a3 and a4 are quadratic nonresidues modulo n and thus, both have indegree 0. By Corollary 3.11, we see that the
distance of a3 to the cycle in its component is greater than or equal to 2, whereas the distance of a4 to the cycle in its
component is equal to 1. This is again a contradiction.
Now assume that k0 = 2 or 3, and 2((Qj ))> 1 for some j ∈ {1, 2, . . . , s}. Then there exists an integer gj such
that ordQj gj = (Qj ). Moreover, n− 1 is a quadratic nonresidue modulo Q0 and ordQ0n− 1= 2. Similarly as before,
we can ﬁnd integers a5, a6 ∈ {0, 1, . . . , n − 1} such that
a5 ≡ gj (modQj),
a5 ≡ 1 (modQ0),
a5 ≡ 1 (modQi) for i ∈ {1, . . . , s}, i 
= j , (3.35)
and
a6 ≡ n − 1 (modQ0), a6 ≡ 1 (modQi) for i ∈ {1, . . . , s}. (3.36)
Then a5 and a6 both have indegree 0 in G1(n). Arguing as above, we see that the distances of a5 and a6 to the
cycles in their components are equal to 2((Qj ))> 1 and 2(ordQ0n − 1) = 1, respectively, which is a contradiction.
Consequently, if the distance of each vertex of indegree 0 in G1(n) to the cycle in its component is equal to a ﬁxed
integer, then n is of the form given in (3.28) or (3.29).
Now assume that n has the form given in (3.28) or (3.29). We show that the distance of each vertex of indegree 0
in G1(n) to the cycle in its component is equal to a ﬁxed integer. Let a be a vertex of indegree 0 in G1(n). Then a
is a quadratic nonresidue modulo n, which holds if and only if a is a quadratic nonresidue modulo at least one of the
integers Q0,Q1,Q2, . . . ,Qs .
We further observe that 2k0 has no quadratic nonresidues for k0 = 0 or 1. Moreover, if a is a quadratic nonresidue
modulo 2k0 for k0 = 2 or 3, then ordQ0a = 2. Furthermore, since (Z/Qi)∗ is a cyclic group of order (Qi) for
i ∈ {1, . . . , s}, it follows that a is a quadratic nonresidue modulo Qi if and only if
2(ordQia) = 2((Qi))1. (3.37)
Note that
2(ordna) = max
0 i s
(2(ordQia)). (3.38)
By the deﬁnition of the function  and the form of n given in (3.28) and (3.29), we have that if 0 is and 2((Qi))1,
then
2((Qi)) = 2((n)). (3.39)
Since the distance of the vertex a to the cycle in its component is equal to 2(ordn(a)) by Corollary 3.11, our result
now follows from (3.38), (3.37), and (3.39). 
Fig. 1 (with n = 8), 2 (with n = 11), and 3 (with n = 12) provide examples in which each vertex of indegree 0 in
G1(n) is of ﬁxed distance 1 from the cycle in its component. Fig. 4 (with n= 5) gives an example in which each vertex
of indegree 0 in G1(n) is of ﬁxed distance 2 from a cycle. Fig. 4 (with n= 17) gives an illustration of the case in which
each vertex of indegree 0 in G1(n) is of ﬁxed distance 4 from a cycle.
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For a natural integer n we set
(n) =
{−1 if 2‖n,
0 if 2n or 4‖n,
1 if 8 | n.
It was proved in [12] that each vertex of G1(n) has indegree 0 or indegree 2(n)+(n). It was also shown in
[12, Theorem 2.6] that if d is any positive integer, then there exists positive integers n and a such that a is a ver-
tex of G2(n) and indeg(a) = d .
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